Abstract. We classify plane curves C possessing two Galois points P1 and P2 ∈ P 2 \C such that the associated Galois groups GP 1 and GP 2 generate the semidirect product GP 1 ⋊ GP 2 . In particular, a new characterization of Fermat curves is presented.
Introduction
A classical problem in Algebraic Geometry is the classification of algebraic varieties. Birational invariants are classical tools for the classification of projective (non-singular) algebraic curves C up to birational or projective equivalence. In some cases, the genus g and the automorphism group Aut(C) completely determine a curve; see [1, 5] . More recently, the number of Galois points of C has been successfully used for the classification problem ( [2, 3, 16, 18] ).
Let K be an algebraically closed field of characteristic p ≥ 0. A point P ∈ P 2 is called a Galois point for a plane curve C ⊂ P 2 , if the finite field extension K(C)/π * P K(P 1 ) induced by the projection π P from P is a Galois extension ( [11, 16] ). The associated Galois group of P is denoted by G P . Furthermore, a Galois point P is said to be outer, if P ∈ P 2 \ C.
In this article, we classify plane curves C possessing two outer Galois points P 1 and P 2 ∈ P 2 \ C such that associated groups G P 1 and G P 2 generate G P 1 ⋊ G P 2 . Determining the structure of the group generated by G P 1 and G P 2 seems a rather challenging task. On the one hand, by [3, Lemma 7] G P 1 and G P 2 have trivial intersection. On the other hand, in general it is not possible to embed the group < G P 1 , G P 2 > into PGL (3, K) ; see for instance [16, Remark 1] and [9, Proposition 4] . Further, it might be that G =< G P 1 , G P 2 > = G P 1 ⋊ G P 2 but G is linear, as the following example shows. Example 1.1. For p > 0, let q = p h be a power of p. Also, let H be the Hermitian curve with affine equation x q+1 = y q + y. By [6, Theorems 1 and 2], any point in P 2 (F q 2 ) \ H is an outer Galois point for H with Galois group isomorphic to a cyclic group C q+1 . Take two points P 1 , P 2 lying on the same tangent to H at a point P . Clearly < G P 1 , G P 2 >, being a subgroup of the stabilizer Aut(H) P of P in Aut(H) ∼ = PGU(3, q), is linear. Assume that
Our main result is the following Theorem. Theorem 1.2. Let C be a plane curve of degree d ≥ 3 defined over an algebraically closed field K of characteristic p ≥ 0. Assume that p = 0 or d is prime to p. Then, C possesses two outer Galois points P 1 and P 2 such that the set G P 1 G P 2 is the semidirect product G P 1 ⋊ G P 2 , if and only if C is projectively equivalent to the curve defined by one of the following: 
We present another characterization of Fermat curves in Corollary 2.7.
Proof
The nonsingular model of C is denoted byĈ and its genus is denoted by g. For two different points R 1 and R 2 ∈ P 2 , the line passing through R 1 and R 2 is denoted by R 1 R 2 .
Proof of Theorem 1.2. First, we consider the if-part. For the Fermat curve, it is known that [10] (see also [1] ), where P 1 = (1 : 0 : 0) and P 2 = (0 : 1 : 0). According to a work of Takahashi [14] , for the curve
In fact, the two rational maps (x, y) → (ηx, y), where η is a primitive d/2-th root of unity, and (x, y) → (y 2 /x, y) act on C and preserve the fibers of π P 1 . Since all elements of G P 2 for P 2 = (0 : 1 : 0) are the restrictions of some linear transformations and fix P 1 , it follows that
We prove the only-if part in six steps.
Step 1: G P 2 is a cyclic group. The projection π P 1 from P 1 induces the coveringĈ → P 1 ∼ =Ĉ/G P 1 . The covering π P 1 (C) →Ĉ/G P 1 G P 2 is denoted by f P 1 . By [4, Theorem 1 (c')], there exists a point Q ∈Ĉ such that (1)
Step 2: The defining equation, Part I. Let R ∈ π P 1 (C) ∼ = P 1 be another ramification point and let ℓ ⊂ P 2 be the line corresponding to R. For a suitable system of coordinates, we can assume that P 1 = (1 : 0 : 0), P 2 = (0 : 1 : 0) and ℓ is given by Y = 0. Note that π P 1 and π P 2 are represented by (X : Y : Z) → (Y : Z) and (X : Y : Z) → (X : Z) respectively. Since f P 1 is totally ramified at π P 1 (Q) and R, which correspond to the points (1 : 0) and (0 : 1),
Since the curve C is of degree d, d(x) ∈ K and the equation y d − c(x) = 0 is the defining one.
Step 3: The genus g. Note that π P 1 is not ramified at any point in C ∩ P 1 P 2 , since π P 2 is not ramified at these points. By the Riemann-Hurwitz formula, there exists a ramification point S ∈ C − (P 1 P 2 ∪ ℓ) for the projection π P 1 . Let m be the ramification index of S. By a property of Galois coverings [13, Corollary 3.7.2], there exist (d/m) points with ramification index m in the line P 1 S. Note that any element of G P 2 is the restriction of some linear transformation. By the action of G P 2 , there exist d × (d/m) points with index m. By the Riemann-Hurwitz formula, we get
If there exists a ramification point not contained in
Let n be the number of irreducible components of c(x) and let
where γ ∈ K, a 1 , . . . , a n ∈ K are pairwise distinct and
where r i is the greatest common divisor of d and e i . Note that d − r i ≤ d − 1. By the lower bound of the genus g above,
In particular, the set C ∩ ℓ consists of n > d/2 points and hence, π P 1 is not ramified at each point of C ∩ ℓ, by [13, Corollary 3.7.2] . It follows that
Step 4: The defining equation, Part II. Let y = β denote a branch point of π P 1 . Then, there exists a separable polynomial h(x) of degree d/m such that
Then, 
This is a contradiction. Therefore, −c(x) has a unique component with multiplicity
We have the equation
for some γ ∈ K. Taking a coordinate change X − αZ → X and ζ k β
Further, we have
, then C is projectively equivalent to the curve defined by
Step 5:
The rational map σ : (x, y) → (ηx, y) acts on C and σ * y = y, where η is a primitive d/m-th root of unity. Therefore, σ ∈ G P 1 . Furthermore, K(x, y) σ * = K(x d m + 1, y), and the extension K(x d m + 1, y)/K(y) is a cyclic Galois extension of degree m. Hence, σ is a normal subgroup of G P 1 of order d/m. Let S ∈ C be a ramification point of π P 1 . Then, the stabilizer subgroup G P 1 (S) ⊂ G P 1 of S is a cyclic group of order m ([5, Lemma 11.44]). Note that
Step 6: m ≥ 3 implies that C is the Fermat curve. Note that σ is a normal subgroup of G P 1 G P 2 , and the group G P 1 G P 2 / σ acts on the curve u m + y d − 1 = 0 as the direct product C m × C d , where
[γ] in G P 1 G P 2 / σ for each β ∈ G P 1 (S) and γ ∈ G P 2 , where [β] is a class containing β. Let β and γ be generators of G P 1 (S) and of G P 2 respectively. Then, β −1 γβ = αγ for some α ∈ σ . If m ≥ 3, then there exists a nonsingular point Q ∈ C ∩ {Y = 0} such that β(Q) is also a nonsingular point, since the multiplicity of the point (0 : 0 : 1) is d/m and there exist d − (d/m) (> d/m) nonsingular points of C on the line Y = 0. Then, β −1 γβ(Q) = β −1 β(Q) = Q and αγ(Q) = α(Q). This implies that α = 1. Since the groups σ and G P 1 (S) act on G P 2 trivially, G P 2 is a normal subgroup of G P 1 G P 2 . By Step 1, G P 1 is a cyclic group. By Step 5, since G P 1 is an abelian group, Remark 2.4. Galois points for the curve
were first studied by Takahashi [14] (in characteristic zero). He showed that
A different characterization of (a class including) this curve from ours was stated by him, in terms of singularities and Galois points.
Remark 2.5. It is easily seen that Takahashi's curve is isomorphic to a Generalized Fermat curve
According to a result of Kontogeorgis [8] 
For Fermat curves, the number of outer Galois points is known ( [2, 6, 16] ). For Takahashi's curve, the following holds. Proposition 2.6. Let d ≥ 4 be an even integer prime to p and let C be the curve
Then, the number of outer Galois points is at most two.
Proof. Let P 1 = (1 : 0 : 0), P 2 = (0 : 1 : 0) and Q = (0 : 0 : 1). The normalization is denoted by r :Ĉ → C. Note that r −1 (Q) consists of exactly d/2 points. Let P = P 2 be an outer Galois point and let G P the Galois group.
Assume that d ≥ 6. We show that P ∈ {Z = 0} = P 1 P 2 . Considering information on Weierstrass points, G P acts on the set C ∩ {Z = 0} (see [8, p.129] ). If G P fixes all points on C ∩ {Z = 0}, then such points are ramification points for the projection π P , and hence, P is contained in such tangent lines. In this case, P coincides with the singular point Q. This is a contradiction. Therefore, there exist σ ∈ G P and a point R ∈ C ∩ {Z = 0} such that R = σ(R) ∈ {Z = 0}. Then, P ∈ Rσ(R) = {Z = 0}.
Next, we show that there exists σ ∈ G P \ {1} which acts on the set r −1 (Q). The line given by QP 2 is denoted by T Q . Note that C ∩ T Q = {Q}. Let G Q ∼ = C d/2 be the Galois group of the cyclic extension K(z, y)/K(y) with 1 + z d/2 + y d = 0, which is given by the projection π Q from Q. Note that G Q acts on r −1 (Q) and, for any σ ∈ G P , σ −1 G Q σ = G Q (see [8, p.130] ). Let R ∈ (C ∩ P Q) \ {Q}. (Since P Q = T Q , such a point exists.) Then, there exist d/2 elements σ i ∈ G P such that {σ i (R)} = r −1 (Q). Assume that there exists i such that σ 2 i (R) ∈ r −1 (Q). Then, there exists τ ∈ G Q such that τ (σ 2 i (R)) = σ i (R). It follows that σ
. This is a contradiction to σ
Since the number of elements of r −1 (Q) is d/2 ≥ 3, there exists a pair (i, j) with σ i σ j = 1 acting on the set r −1 (Q).
We show that σ is the restriction of some linear transformation on P 2 . Let D be the divisor given by r * ℓ for a line ℓ ∋ P , N the dimension of the (base-point-free) complete linear system |D|, and V ⊂ P N the linear subspace of dimension N − 3 corresponding to the sublinear system given by r :Ĉ → P 2 . Note that r = π V • ϕ |D| , where π V is the projection from V . Let W P and W T Q ⊂ P N be linear subspaces of dimension N − 2 and of dimension N − 1 which contain π −1 V (P ) and π
Since C ∩ T Q = {Q} and σ acts on r −1 (Q), it follows that σ * (r * (T Q )) = r * (T Q ) as divisors. This implies that σ(W T Q ) = W T Q . Therefore, σ(V ) = V . According to the argument of Yoshihara in [17] , σ is the restriction of some linear transformation σ on P 2 .
In this case, σ(T Q ) = T Q . Since σ({Z = 0}) = {Z = 0}, σ(P 2 ) = P 2 . Therefore, σ acts on the ramification points for π P 2 and hence, σ({Y = 0}) = {Y = 0}. It follows that P = P 1 . Assertion follows, in the case where d ≥ 6.
Finally, we consider the case where d = 4. Then, g = 1. It is not difficult to check that the points (λ : 0 : 1) and (−λ : 0 : 1), with λ 2 + 1 = 0, are all total inflexion points of C. If G P is a cyclic group of order four (and g = 1), then there exist two totally ramified points for π P . This implies that P = P 2 . We can assume that G P ∼ = (Z/2Z) ⊕2 . If P ∈ T Q , then there exist five outer Galois points (including P 2 ) on the line T Q , since all elements σ ∈ G P 2 are linear transformations and σ(P ) = P if σ = 1. In this case, five involutions fix a common point in the fiber r −1 (Q). This is a contradiction to the structure of the automorphism group of elliptic curves (see [12, Theorem 10 .1 and Appendix A]). Therefore, P ∈ T Q . In this case, it follows trivially that there exists σ ∈ G P \{1} which acts on the set r −1 (Q). Similar to the fourth paragraph, σ is the restriction of some linear transformation σ on P 2 . In this case, σ(Q) = Q and σ(T Q ) = T Q . By the former condition, σ({Z = 0}) = {Z = 0}. Similar to the previous paragraph, it follows that P = P 1 .
Combining with Theorem 1.2, we have another characterization of Fermat curves.
Corollary 2.7. Assume that p = 0 or d ≥ 3 is prime to p. Then, there exist three outer Galois points P 1 , P 2 and P 3 such that G P 1 G P 2 = G P 1 ⋊ G P 2 , if and only if C is projectively equivalent to the Fermat curve.
Remark 2.8. When K = C and d = 4, Proposition 2.6 was first proved by Kanazawa-Yoshihara [7] . Remark 2.9. When p = 0, the Fermat curve and Takahashi's curve are only two known examples of plane curves satisfying the following conditions (see the Table in [18] ):
(1) g > 0.
(2) There exist two outer Galois points.
